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FRSFACE 

This report was originally submitted as a thesis to the Faculty of trie Gradu- 

ate School of The University of Texas in fulfillment of a requirement for the 

degree of Master of Science in Electrical Engineering, 

Since interest in the cavity resonator was occasioned by and the results of 

the work are pertinent to the Office of Naval Research Contract Nonr 375(01), 

it was felt that it should be submitted as a technical report under this contract. 

Although it would be desirable for the sake of completeness to extend the 

calculations to larger eccentricities, the main interest in elliptical cavities 

lies In the small eccentricity region. In this region fall the eccentricities 

associated with unavoidable deformations of cylindrical cavities. The extreme 

tedium of the calculations dictates the use of approximations in the calculations. 

The particular ones developed in this thesis are sufficiently accurate for eccen- 

tricities less than 0,4 and are subject to small errors for eccentricities between 

0,4 and 0,5. 

-• . r    -.-.-.      * rtn-*-.'.. .. •*«-»*.. * . 
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V 
IWIRODDCTION 

» 

The purpose of thia thesis Is to investigate the 

effect of small amounts of elliptical defoliation on the 

behavior of certain characteristics of a resonant 

electromagnetic circular cylindrical cavity* Although the 

circular cylindrical resonant cavity is a special case of 

the elliptic cylindrical resonant cavity, the elliptical 

cavity solution cannot be expressed in terms of the 

cylindrical functions* The Beseel functions used for the 
it 
cylindrical case are relatively staple and numerous 

tabulations are available. The Hathlsn function*, required 

far the elliptical case are, however, much acre complex and 

very few tabular values have been published. The resonant 

wavelength and quality factor in the elliptic cylinder 

considered as a deformed circular cylinder warrant 

Investigation because a physical cylinder may depart from 

perfectly circular to an extent determined by the maa*factsring 

tolerancej external forces such as mounting brackets could 

also cause departure from circular. It seems unlikely that 

the elliptical cylinder cavity would exhibit such decided 

superiority over the circular cavity as to justify the considerable 

additional manufacturing difficulties attendant to its use. 

The calculations for the mode considered here show no advantages 

peculiar to the elliptical modes. 

F»*JfJ 
tfBB lannn mfrnt-rt i~ 



Calculations were mads in 19i*6 by Kinaer and Wilson 

to deteraine the variation of wavelength in oartain aodes 

-with the elliptioity of the cylinder. Kinear and Wilson slso 

derived an expression for the quality factor far one value 

of acoentricity far the TEn<n node) this thesis will consider 

the TBL,11 mode with several values of eoosatrlcity for both 

odd and even excitation* 

J, P» Kinser and !• 0. Wilson, Basalts on Cylindrical 
Resonators," Bell System Technical Journal, vol 26,  19U7, p 100 

•atmum" ^"^-"-'•*»^-- • • 
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CHAPTER XI 

ELLIPTICAL COQRDE-aTBS AND KLLLPTICAL HAVE FVNCTIOIB 

(1)   The miptloal Cylinder 

The dimensions of the cross Motion of an elliptical 
2 

cylinder are shorn In Figure 1« The quantities 2a and 2b       are 

the major and minor axes respectively) the fecal distance la 2q, 

The perimeter of the ellipse, a, will be kept constant when the 

eccentricity is Taried, and the parameter used will be the "average 

diameter*"   D, which la valeted to the perineter by the fornnilat 

(1) Da    fmrimtmr      m  JJ_ 

It la evident that for the circular case, D la the disaster of 

the undistorted circle. 

The eccentricity, Q , is defined aa the ratio of the 

aemj, fooill distance, q» to the seai/*aaJor axis, a« The eccentricity 

la act measurehle directly and there are two other directly related 

quantities which are often used instead of the eccentricity as a 

aeaeuro of the departure from a oirele. One quantity is the 

elllpticity, E, -eflnedt 

(t) E K difference between major and minor diameters 
major diameter 

a -b 

The elUptloity la related to the eccentricity by the fonaalai 

Theae and all other symbolic abbreviations are defined on pace .11 

wmmmmm 
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(3) 

(U) 

<S) 

E e 1 -\Tl -<o2 

The other quantity which nay be us^d to express the 

departure from circular is II, defined as the ratio of the 

minor to the major axis. 

(6) 

N z   b/e a Nil - 62 # or, after an elementary 

hyperbolic trigonometric identity substitution, 

N m   tanh (are eechO) 

The relations (3) and (U) are plotted In Figure 3. 

Carres for the variation in wavelength and in the 

quality factor are plotted against the eccentricity, but values 

of either S or N can be found by using Figure 3 in conjunction 

with the eurres plotted against the eccentricity. 

(2) The Elliptical Coordinate System 

The elliptical coordinate system is shown in Figure 2» 

The orthogonal coordinates J and f* locate a point uniquely. 

The elliptical coordinates are related to the x-y coordinates 

by the transformation equations: 

x   E   q ooahToos 7 

y   »   q einhfaino 

The equation <->f the bounrf::-y surface of the ellipse 1st 

oooh \ Q   s constant » 1/ eccentricity 

•m 11 -iti~— • 
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The eccentricity, <? , varies between sero and one and the ellipse 

degenerates as e —»1, coshF —" 1, t —*• 0 to a straight lin» 

between the focii. The ellipse degenerates into a circle as *—*0, 

eesh I -r •*,!—» «*>. The elenents of arc length in elliptical 

cylinder coordinates are ds^ *nd ds2 as shown in Figure 3j the 

s direction is into the paper with the element of arc length in 

that direction equal to one ds. 

<7) 

If the definition is mades 

<h    o   q (cosh2 T - cos f ) 

(8) 

it will follow that 

d^   s   q (cosh2 T  - cos2? )* d/    • \ <** 

ds     a   q (cosh2/ - eos2*; )• d»7    s q^ d/7 

(3)   The Wave Equation in EHiptical Coordinates 

(9) 

The two dimensional wave equation in elliptical 

coordinates 1st 

dViti   - ±£&q. . V2 fooah
2^cos2

7 )   =  o 

This equation is known as liathieu*s equation. When a product 

solution is assumed, and the Bernoulli trial method of separation 

is followed, the equations separate to giro two ordinary differential 

nmamttw «»«• 
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equationst 

(IX)) 

(31) 

2 
* g(^     +   (b-k^oos2?)    f(7)   «   0 

2 
*fffl     -    (b-^q2coA2I) f(r)    «    0 

of A 

where b is the separation constant* The solutions of the first 

equation, (ID), are often called Mwthtan functions, and the 

solutions of the second,  (11), are then called assooiatod 

Uathisu functions.    Equation (ID) transforms to (11) under the 

substitution   7 a ± i /   , and equation (U) transforms to 

(10) under the substitution   f s  f i 7    , where i is   V/-3C 

Solutions exist regardless of the value of the separation constant, 

b, but the solutions are periodic only for certain characteristic 

values of the separation constant.     Sane authors     consider only 

the periodic solutions of Math-leu's equation as Hathieu functions, 

but more recently, iiathieu functions have been considered   as all 

solutions of (9) whether or not the conditions for periodicity 

are satisfied*       UoLachlau      has an extensive discussion 

of solutions where no restrictions are placed on the separation 

constants.    In the calculations which are required In this work, 

only solutions which are periodic in 7 will satisfy the required 

boundary conditions. 

B» T. Fhittaker and a. N. Watson, A Course of Modern Analysis, 
Uacmillan, I9ub, p Uo£ 

^Tables Relating to Mathieu Functions, The Computation Laboratory 
united states riaHonal Bureau or standards, 1951 

5ll. W. UcLachlan, Theory and Application of Mathieu Functions, 
Oxford, 19U7 
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(h) Mathieu Functions 

Mathieu funetioas arise la stability in\rea*ig*tions of 

various mechanical aysteffis* the theory of frequeney saodalatioa, 

loud-speaker theory, and in any electromagnetic or vibration 

problem -g&Loh oust be stated in elliptical coordinates. 

The modern theory of Math&au ftwactions is credited to 

Ihittaker and asaeh of the subasquasi theoretical development is 

credited to lace, Strutt, and l&tlaehlaiu   A historically oblate 

list of 226 references is given in laeLachlan*     Because both the 

theory and numerical eeBgwtt&t&stts of Mathieu functions are store 

difficult than those fear Bassel and Legendre functions, eaapiste 

tables shlch sake possible tha actual use of Mathieu functions 

in rgoarisal co*§3tttst.ien have lagged far behind these other functions 

and have only recently become available* 

The elliptical wave guide was first investigated by 
8      * 

Qfi       1» 1938 and following his wsrk, the first sasaarisal tables 
a 

of coefficients far Msthieu functions was published.     Recently 

the fa? more accurate and   «cttensive Tables Relating to Mathieu 
7 

Functlona   have been published.     Notation for Mathieu functions 

°K* I. I&Iaehlaa, Theory and ^qj^atton of Hathiau Functions. 
Qtfard, 1*7 ~ 

rSHSBse ilelating to Jiathieu runtrtioae. The Gcswutatlou laboratory, 
8L* «J* Cbu» "HleetrossagiSctir, Waves in HUiptio Metal P2IMM»" Journal 
«f jgpjigd jtoteft *M ?, 3$389 p $83 

?3»,]3u 3tr»t£on, F- u» Meraa* I* «?* <8ss# and 3. A# Batoar, jfllEljg * 
and Spheroidal Wave Junctions, Saw lork, Wilesft 
aaa^ —-._--.- -   -   .. .-.-. —      •• •  -• i   •   i   M^ • 

i 

mreMmsar"-"*—_-••--• • ~?~"«~ "-<r» -•- **   .-•••'   - :,.- 
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table is reproduced an page 12.   With the exception of the designation 

of the parameter foe* the coefficients, all of the notation used 

her* agrees with the notation used in the Tables.    Unfortunately 

it was impossible to use the Tables for numerical calculations 

because in the node chosen for Investigation, the number of 

values of the parameter in the desired range was insufficient* 

Solutions to equation (10) can be found from the formula* 

(12) *tt(.^.7)   =   Zlg    Sk? 

where $> (c,cos e) is the angular Mathieu function, p signifies 

either • (even), or o (odd), n is the order of the function (and 

for tiie Beds considered always one), c is a parameter which is 

defined later *** and cos .«? is the argassnt of the fuostios« 

The coefficients for the right hand summation are found In Stratton 

12 
or in the Tables.   The cosine functions of 7 are used in the 

suaBjation for the even functions and sine functions are used in the 

sussatian for the odd functions. The series (12) is not a Fourier 

11 

series because the coefficients are net derived .from the Fourier 

13 
defining integrals, but according to Stratton  they apparently 

satisfy the conditions ©f convergence necessary for term by term 

differentiation or integration* 

"Sea page 1? 
•"•loo. cit. p 78 or p 82. v&ttse to Table for designation used 
3£lae« eifc. tabulated fox values of s. Refer to Table for relation 

between c and s« 
^loc. eit, p 20 

rwSS^HSffHBSSSS 
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(3i») 

(15) 

(16) 

11 

Si «cOy angtOar functions which will be ensount«r*d 

in the T&yfi    '*•*** "?&11 ^ the angular function of the first 

kind with solutions of the fore* 

3^, (c(od£ »j)   s 

8t*(e,oos f 5   = 

ST      i f(2k».l) •»] of period 2 IT 

c^ 

BMBU 

sin ((Setd,)--?]   if p sr«is*a £ n 

She corresponding radial solutions may be calculated from 

a joining footer, but in pr«8tie@? the useful expression whleh 

conrerges sash acre rapidly than the trigonometric one is expressed 

as a @sa of Bessel functionst 
G© 

S     V^"    ZI   (. lr        1 
Je,(e,«o«hr) s   V^2    *L (-ir»i*       $ *,..,  (o.ooihi) 

Km) u 

fe^o.oosh I) r fW tanh! X (-l)k(tk)De^1 0-^^ (e,e«eh f ) 

*tewe W*a   is the Bessel function of the first kind and 

order* m,' 
it. 

fables Selating to Mathiett Factions, The Gocaptttetion Laboratory, 
fim£«£ States meSm of Standards, W$l$ p xx 
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(13) 

(1U) 

(15) 

(16) 

II 

The only angular functions Tsbich will be encountered 

in the TSv^ meda will be the angular function of the first 

kind 'with solutions of the farm 

-   E 
k*0       2kVl 

cos jj(2k*.l) «7j  of period 2TT 3eu(e#co8 i) 

80,(0,008?)   s     £~    2B.-ki4il   sin S*36*'1)'?]   ©f P«riod 2TT 

cX? 

u$» corresponding radial solutions say be calculated from 

a joining factor, but In practice, the useful expression wh-ifa 

converges touch mere rapidly than the trigonometric one is expressed 

as a stan of Bessel functions: 
oe 

c,sosh 

I   I !  I 
I  1 
i i 

• 

i 

Jb^e^osh I} s W2   tanh! 2_ (-ifCaODo^ ^^^ (cfeosh |) 

where U*     is the Bessel function of the fli'st kind and 

order au 

1L, Tables Eelating to Msthieu Functions, The Confutation laboratory^ 
TTnTt^i «***•£»• T*UT»«»»»I /%t* SfcamfirSa.  l951« T> s;x 

Muuiuu a*>i -SBBSas^j 
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0§P SBTATION AM) CaJTERSION FACTORS """" 

Ussd Used   inw 
Tahlaa   1^ 

flftf «+_ 4 nfl 

Used   ICL , 
fUsga-t.'feoBi 

Notation 
Used In 
MeLaehlan 1? 

notation 
Used   in 
Tancis 

Se (c,eo8?) 

Be. 

«fe (c,coshf) 

Jo' (eseeshF) 

bo 

S»r(s,f) 

K 

Jo (§»F) 
r 

be 

bo 

,Ssr(c,cos7> 

S<3g(e,ecs?) 

1 

Uq 

oer(f,q}/A 

se.07*q)/B z 

SeyCe^cosy) 

1 
Ja (c,eosh£)     Oe {?,q)Ag    (s)   Ra (c,eosh$) 

r r get* * 

«fe^(c*coafaC)     Serd-sq)/Bgar(s)   F.or(c,oosh|5 

b' r 

•r + 2q 

br^2q 

16 
loc* eit. p juxviii except for last column, 
loc« cit. 

17 loe* elt. 
18 C* C« Tang, "Propagation of Electromagnetic Wares in Hollow Metal 

Fipes of SlUptlcal Grosa-Ssetioajf* 19ii°, University of Texas Thesis 

;;tfcft^i^-jrn»;--"•• ----- -—- •'    '• ' :--; 



dttPTBa HI 

A SUMMARY OF OTHHR WORK ON ELLIPTIC GUIDES AND CAVITIES 

(1) The Results of Chu and Tang 

The problem of the propagation of electromagnetic waves 

in hollow pipes of elliptic cross section has been 

investigated theoretically by Chu, -*•'' Gfau studied the six 

lowest order waves* With the exeepticn of nodes in the eylindrioal 

pipe which exhibit circular syassetry (TM  and TEfl_ ), when the 

cylinder is deformed to an ellipse both even and odd elliptical 

nodes are generated with theix relative magnitude depending on 

the polarization of the excitation* Because of this splitting, 

slight deformation of the cylindrical guids say* unlike deformation 

of the rectangular guide, lead to instability* The cavity eoasidsred 

in this thse&s roay be regarded as a very short wave guide shorted at 

the ends a© that the generation of two modes does not lead to 

instability, but, rather, to a broadening of the frequency response 

of the cavity due to the splitting* 

Ohu's article covered the theory of elliptical wave guides 

but omitted mich of the numerical calculations which were used in 

obtaining his results* These nuHerioal calculations were reworked ia 

detail by Tang *® in 19U9* Both Tang and Chu obtained carves for the 

I 

I 

*^ L. J. Chu, ^ectroteagnetiLs Waves in Fallow EUiptie Pipes of 
Metal,"   Carnal of lemlSsd Physies, vol 9, September, 1938 

20 c* G» TangT^W^llpCTJSrgr SSBTfttaagnetic Waves in Hollow Metal 
Pipes of Elliptical Crossf-Section," 19U9, University of Taoraa Thesis 

23 
-.^_ • • 
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variation in the cutoff wavelength as a function of the 

eccentricity for a guide of constant periphery. The curves 

21 
obtained by Chu are reproduced by Sarbacher and Edson   and 

op 
by Ltoreno. Both Tang and Chu obtained curves plotted against 

eccentricity for roots of the equations: 

2i* 

(17) 

(18) 

* <r«n) a 0  required fax even Til modes 

Jo (r  ) x 0  required for odd Til modes 

Je (reil) • 0  required for even TE modes 

Jo (^oy.) s 0  required for odd TE modes 

Unfortunately, the accuracy required in the numerical work 

of Tang and Chu is not sufficient fox the calculations of the 

resonant wavelength and quality factor of a cavity. 

23 
(2) TCnUT 8B& Wilson Results on Cylindrical Cavities 

Kinaer and Wilson determined the root values of the 

applicable equations (17) or (18) correct to five significant 

figures for nine modes in the elliptic cylinder i the even TE_,  . 
Oln 

the even and odd TIL. , the even and odd TEg-j, the even and odd 

TK-2n' the even Til_. , and the even TK,. . The first subscript 

indicates the number of variations in the angular direction, the 

second subscript indicates the variations in the radial direction. 

Per a resonant cavity the third subscript indicates the variations 

In the axial direction, but this does not affect the value of the 

21 

23 

R. I* Sarbacher and V. A* Edson, Hyper and Ultrahlgh Frequency 
Engineering, Wiley, 19U3 
T\»genoVMicrowave Transmission Design Data. licGraw-Hill, 19U8 
J, P. Elnaer and I. G. Wilson,  "Some Results on Cylindrical 

Resonators," Bell System Technical Journal, vol 26, 19U7, p UlO 
may 'Tr- »   -•• 
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Kinser and Wilson determined an espixical equation for 

the ratio of the perimeter to the cutoff wavelength far three 

modes (the even TE• .,  the even TIL. , and odd TM^) »» » 

function of the ellipticity, S. 

Xinzer and Wilson derived an expression for Q for one 

mode and one value of eccentricity (even TEL,^ with an eccentricity 

of 0#li8lU). The circular sysnetry of the TE.. makes the calculations 

necessary to obtain the quality factor siopler than those neoessary 

to find Q for the TB^i mode. Their article does not give any 

details of the methods used to make calculations, but the sparse 

outline of method of calculations indicates that the procedure 

waa the same as that used In this work, with the exception of a 

different formula for numerical integration. ^ Since their 

only result for Q is one point on a curve for a different mode than 

those considered in this thesis, no numerical comparison can be 

made of results* 

2U P**e 36 

V3 
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DBTSttCDUTION 0? THE RESOHMJT WAVEL3JGTH 

(1) Field equations for the elliptical cylinder cavity 

The equations for the cosponents in an elliptical pipe 
2£ 26 

in the TSL- node aret 

i( s*»t — k z) 
(19) H     s   B Sp^coos?) Jp^c.coshf) e 3 

E     s   0 
i 

(20) Hf  =   i- B   =   -B 2  3pAn ) *_  (f ) •i("rt " k3f) 

^ n    . 2 1   ' 1 
qlkl 

(21) H7,^.ES^JV^7>*l<*>^t-k3B) 

^ ^l^l 

27 
where k. la the propagation constant,   B is a cosplex solitude 

oonstant which depends on the relative even and odd nodes excited, wo 

is the angular frequency, /*is the peraeability of the dielectric 

in the guide, and the primes denote either    &-- or £  T 
Si a*} 

The boundary conditions require that   E( I ) : 0   where 

f 0 is the boundary* This inplies that 

(22) Jp (c,coahf )    z   0   and with the definition   rp^ z qjk£ <•*•*>** 

ff *l(r^lL) S   ° 

' TE (transverse electric) is often written as H (since only non-zero 
component in the s direction la H2) 

26 J. A. Stratton, ELectroaagnetic Theory, UcQraw-IIill, 19U1, p 375 
27 k^, the propagation oonstant, is often written/^? 
28 in all the following work, the subscripts and prices are ondtted 

from the r designation for root since the only roots which occur 
will be either r'      or r' ell °U       35 
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Combining the waves that travel in the positive s direction 

with those which travel in the negative * direction and Baking 

the indicated trigonometric substitutions, the field equations 

for the TIL., mode in the resonant elliptical cylinder are 

obtained. The tine function eiM* is suppressed and the equations 

•ret 

(23) H     s   -B k-. Sp,(0,0037) 4Pi(c>cosh£) sln(k^s) 

(2U) 

(25) 

(26) 

(27) 

-i B k, 

•i • 3~ 
1 

Sp-(c,co3^) Jjx   (c,coshJf) cos(k-z) 

-i B k 
H 3 '/ —   Sp1(c,eos7) Jp^CjCosh?)   cos(k-i) 

B k 3p. (0,0037) Jpj (c,ooshf) sin (k^s) 

H-- 
- B k « 

%>1(o,oo3 7) Jp (c,ooahf) sin (k,a) 

(28) E     z   0 
s 

The radial and angular coefficients are tabulated in 3tratton 
30 

29 

for given values of the parameter, o, 

(29) e   •   21Tq/A( 

• Stratton, terse, Chu, and Hutnar, Elliptic Cylinder and Spheroidal 
Wave Functions, Wiley, lSkl 

30 TIM parameter c should not be confused with the e often used to designate 
the speed of light* 

can—iM—a»« <—•'«-«" 1 "* 
i 
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(30) 

11 The perimeter of an ellipse^ s, ^    is related to the semi^focal 

distance, q, and the eocentrieity, (£f  by the formula: 

8     n 
e  Jn 

O^coa2«y   do 

(3D i<- 

(32) 

where E (Q) is the complete elliptic integral tabulated in 

33 Peiroe       for values of arc sin£. 

It irill be convenient to use the parameter   ^j/s   used by 

Tang and Chu, and c may be expressed In terms of that parameter by 

substituting from equation (31) into (29). 

(2) Derivation of an expression for resonant wavelength 

The parameter used to express the shape of the cavity irill be 

H, defined- as l/D where L and D are the length and "average diameter» 

respectively of the cavity. The following definitions are madei 

(33) 

Ok) 

(35) 

(36) 

k, the save number,    k -   2TT/A 

^   S   re/q 

k2   r   k2   •   k2 

p     =      Tf/2 

•ST 
• This s should not be confused with the s used in Tables of Mathiau 
Functions which is equal to c2, nor with the s used in Klnser and 
Wilson which is the reciprocal of the X

Q/&   wed here. 
32 This E { §) should not be confused with the E used by Kinser and 

Wilson to denote ellipticity. 
33 B. 0. Peirce, A Short' Table of Integrals, Ginn, 1929, p 121 

m—wmiy"——"a——"**""—:———**•-z '—rrrrr 
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(37) 

It follows from equations (35) and (22) that 

4 =  (rA)2 - ">*/*< 

(38) 

(39) 

(UO) 

(Ul) 

and for propagation, k^ suet be a pur© Imaginary and w '/*• < 

is greater than the quantity    (r/q)    , 

kj   :   ik3   :   iV^t  - (r/q)2 

k^   s   cu2**   . (r/q)2 

At the resonant frequency, k_ is zero so that 

yjj "yu«s   (r/q)      and, after solving for AQ 

Sr      =   2TTq/r 

(U2) 

For the TR111   node, 

k3   =   -n/L 

•Then this value for k     is set equal to the value for k. from 

equation (39), and the equation is solved for A, the resulting 

equation 1st 

(U3) A   "     VO/W   r   (r/2fq)z 

When the value from equation (Ul) is substituted Into equation 

(U3) and both sides of the equation are divided by D to make 

the resulting expression dlnensionlsss, the equation obtained 

19 
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is; 

(U0 VD S 
^TTSF TT^ *C/s)' 

The values of the parameter X/s are plotted as a function 

of eccentricity in Chu«, "^ It has already been noted that the 

values of A^/s obtained by Chn are not sufficiently accurate to be 

used in determining values for the quality factor, but the values 

for the resonant -wavelength from equation (kk)  can be evaluated 

very easily* "without the use of Kathieu function tables, if Chu»s 

values for ^-/s are used. Figure k is a plot of equation (hk) 

using Chu's values. It is noted that these resonant wavelength values 

are not sufficiently accurate and do not enter directly into the 

values for the quality factor. 

If a more precise determination of the resonant wavelength 

is desired, it is necessary to combine equations (31) and (1*1) to 

obtain the relation which was used in evaluating the quality factors 

Orf)        (r) (V*) = OW / E (e) 

when the eccentricity is equal to *ero, E (€.) is equal to 

"TT/2 so that Aj/s becomes the reciprocal of the root. •*' If both 

sides of equation (hk) are multiplied by D and the substitution is 

5 loc eit 
•^ It should be observed that the variation in resonant wavelength 

does affect Q since it appears in the k^ term in the numerator of 
equation (82} 

37 Kinaer refers to his parameter "sB which is ths reciprocal of >*c/s 
as the "root value adjusted to the eccentricity." 

•—'•"»"" - msmmmm» ^><BmmmmmammMmtBsmm^BKKcm9msmssemsm ,-.^i*.»w!«^- 
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Bade for aero eccentricity from equation (u5)# the equation 

obtained iat 

(U6) Aolro   *    V(r/fc»*   *   (1AF 

This agrees with the f crania far wavelength far the circular 

38 
resonant cavity given by Montgomery. 

38 C, 0* Montgomery, ed,, T< 
Radiation Laboratory Series', 

of Uinroeave lliiim —lite, MIT 
m, E ay/  

i 
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vmBMitmim OF THE QUALETT FACTOR,  Q 

(l) Thgiyaiign of m ggxreeglan far the quality factor, Q 

The quality factor, Q, of a resonant cavity is ordinarily 

defined as the ratio of the product of the angular frequency and 

39 
the energy stored to the average power loss«   The total energy 

In the electric and magnetic fields remains constant (neglecting 

losses) and the maximal electric energy is equal to the maximum 

magnetic energy* It is sufficient to ©(insider either the electric 

or magnetic stored energy. Since one component of toe electric 

field is absent in the T1T-T1 saode, it is more convenient to 

consider the stored electric energy* This can be found by 

integrating the Eg and E* components of energy over this volumes 

Q s TOter LosT- 

The stored electric energy, 

(W) 
/nrflT     /Cw£ f fct a* mL"C9 L, -*-[*'' + tfijw^ 

The differential element in the z directions ds», is equal to 

da, and the only function of z -ahich appears in the expressions for 

S«> end E_ *0  gj g^g (j^g) QJ. sin (tr»/L) so the integral 

• 3* Hssiio and. Ja E. Ihinaery, Fields and Waves in Modern Radio, 
Wiley, l&k, p 378 

k° Eqaatisns (25") and (26) 

23 
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(k9) 

<*» 

(5D 

with respect to • is* 

i     sin2 (ir«/t) dm   a    L/2 

This reduces the expression for stared electric energy to the 

double Integrals 

He s 

-i 

Substituting firon equations (8) and equations (26) end (2?)* 

U*   a J\     \ 

de„ dgk 

The radial and angular functions are entire functions of 

*t and 7 respectivelys and each double Integral may be written 

as the product of two single integrals. It is noted, fr«g 

equation (8) that ds9 is espial to q1 d/ and ds]L is equal 

to a  d t  *  l^ben these substitutions are made and the teraa 

independent ef the Trarlables of integration are reisoved, the 

* 
•t 

3 

%'• -. ••smsem^f^^'*' ;i«£«BlMiitoW«|S:i ~: a . •;..:i^:JIS«:j.ii^ j,^;,»ii**:^.,v„-,    •r.-r-:-  .... v-\.'^i.i'"-U-.:^.-^..-'----^**i<*rt05«W<**«« 



•XV- 

m 
ttms&mmmmmmmmiMviimmmumt KP^^nm»mmMtmn iiiwmai' i,»^*«wfe*^=ifca*ai«E: 

{#) 

2$ 

expression £w the stored energy can be written?. 

U. LBW r^ 
j(^[^ia2^[^(fa2« 

+J[r^(?82d'j£f8K<^"« 
The foUusirlng abbreviatioas foa? integrals mil be adopted s 

(53) 

(&> 

(55) 

(56) 

These integrals cannot be evaluated analytically and the evaluations 

attst be made by a combination of Integration of series and numerical 

nethods* The actual evaluation of the integrals Is discussed in 

Chapter VI* 

The expression for the stored electric energy is -written 

using these abbreviations ass 

(ft) U« 
L B^k2  r. 
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A/ 
£D 

I 

(58) 

(5$>) 

(60) 

(61) 

(62) 

The power loss in the resonant cylinder is due to the 

copper losses frcaa the currents flowing In the sMe mil and in 

the end plates. The average power loos ist 

1 f   4 Ji I 
Iff- • 

surface V 
where R is the surface resistivity as defined in Ramo and s 

Ihinnear- In the side wall the X component of current is 

sero, sines, by equation (2k)? 

HrU0)    =   0 

The other two consonants of ourrent present in the side wall are 

evaluated with f m f0   and when squared are* **^ 

Hg
2   =   B2 ^[ap1(7 j]2 j>Kfa}]2 sin2(k3«) 

H
?
2
 = -~ [*I<7>J

2
 r*xM

2 eos2(k3s) 

These values mist he integrated over the side wall which requires 

integration from 8 * 0 to s * L and from ^eOto 7* 2^, 

The value of the integral in equation (U°) is the same for an 

integrand of either the sine or cosine function squared so that 

the integration over the z range of either of equations (60) @r (61) 

yields 1/2 * 

The irifcegral of Hs over the side wall may now be written! 

/! side wall 

f2ir 

70 r^ifl' *•» 

g;    , " — 
xoe. eit* p 209 

k2 from equations (23) and (25) 

M8i*^ft*^iwj^^ 
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±rr 

^ (63) 

t£\. \ 

(6*) 

The integrand is multiplied and divided by q^$ asd the substitutions 

frcsa equations (7) and (8) evaluated at  Fa  f0 

q1   *   q(ccjsh2fe   -   cos2-?)* 

d ^   s   ds2 / qx 

are Bade so that (63) becamest 

sAdssrall 2 ^0 

(66) 

Factoring out q eeshf   from the integrand and substituting e s l/etishf 

in the integrand; equation (6£) beeernes 

I IB.I     - — -/   (i-eeo. 7)s[3p(7j( d7 
sidewall « -'O 

(67) 

A further abbreviation is nadet 

2F      -~jLA n% = Jft
& (i-eW?)*^^)]^ 

(68) 

(69) 

and then the integral of H  over the side vail is written* 

JJHJ2     a   ^B2k^[^iao)l2LqcoshroIUp 
sidaw&n 

The integral of the square of the 7 component of H over the 

side vail is written* 

,2 .2 

rdUu 2 Jo    ^LTi^a q, 1 

IT 
IdstttedSy there is a plethora of integral abbreviation syisfljals. 
However, the final expression f&? Q v&uld require three pages 
if written without these abbreviations, so they aaist be accepted 
as a necessity rather than a confusing convenieoee* 
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i 

(70) 

(71) 

(72) 

(73) 

The substitutions from equations (63) and (6h)  are Made to givet 

sidewall       2        _/0  q(cosh''| - cos2«0* IT*1X'3- 
o     / 

which becomes 

A 
2 9 B" k3 [* ^o)JZ 1  r2ir H?l   = —i± d _|  (1 .e

2cos2^[Sp (? )J
2 d^ 

sidewall     2q coshrn     Jo L 1 # •*   / 

when 3/q <*®eh f is factored out of the integrand and the 
e 

substitution 6 s 2/cosh £0 is made in the integrand. 

The further integral abbreviation is made* 

/'2"n*       x 
l4     S j        (1 -<92COS2

7r
2  [^(7 )J2 dq 

Then the integral of H* can be written: 

'sidewall 

i 
IVp 

(71*) 

(7<0 

Substituting from equations (68) and (73) into the expression 

for average power loss* equation (58), the expression for average 

power loss in the side wall is obtained! 

B2 L 
PL  s R  , 

sw    8 ^ C*A>T [«S * "**<, »• ^T^- ** I 
This may be put in a somewhat more convenient form: 

PL     » H svr        s ^    4    LK(r j\* CJL— nip f /^4ivpl 
X q cosh^ PWJ    [(q cosh^)2 "*        V*i /      J 

B—KBW 
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(76) 

(77) 

(78) 

It is seen from equation (23) that the as component of 

H is zero at the end walls wh*re I m 0 or 8 »T« When 

equations (21;) and (25) are evaluated at either of the end nails 

the square of the current- in one wall is* 

I*.*2 •—£• K(i)]2LVE)J2 
q
l 

When the substitutions ds s q dl and ds„, - q &•?   are 

snade, the integral equations become x 

The integral abbreviations stated in equations (5>3)» (&)» 

(#>)» and (^6) are used. The fact that there are two end walls 

provides a two which cancels the factor of one-half in equation (58) 

so that the total power loss in the end walls becomes* 

(79) PL  r B
2
 k2 R (ipnfc + ^rip) 

wm 
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'"'•>? RB 

(80) 

(81) 

Equations (57), (71*), and (79) provide the information 

required to substitute in the equations 

Average Power Loss 

The angular frequency,ui t  e«i be eiqjresacd in terms of k by using 

the relations 

2 IT k 

from equation (33). 

This gives the formula for Qt 

Q 

p-   h   k3      (JjeDj}   +   ^Hp) 

s fei(?e3j UTS^C**!"^    /(q S3£5*    \V 

HI   !   '  W"j • i»      i . i •'•' ii •   •      ii     m   » i  i 

(k^* nip    / k3\
zJ    a       ,      »    t 

It will be convenient to consider   Q a/A      instead of Q, 

relation used will bet 

hk 
The 

**   Q   = ffi,     A,   then   Q^a     A/rr w 
TT 

Also the substitutions are made from equations (36), ihZ), and (3U)i 
<• 

p   aTT/2 

1/2   S   PA3 

q/e s   r Ai 

ri •     •• '11       • • 
m This will make direst comparison with published curves fox Q 

for the circular case possible. 
*P Ramo and afoinnery, Fields and Waves in Modem Radio^ Wiley, 19Ub p 231 
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(82) Q  S/,x 
1 2Tr 7 

k    (ipnp ippp) 

/k\2  ; 3" 
i-jjp^u/2jr2irip +(^)ivp[ +- -2- (3prcp + i^np) 

(33) 

(8U) 

Another integral abbreviation is madet 

7p   a   IpIO?   4-   Ipllp 

From equations (33) and (i^)» 

k s 2 7T/X 
2 
D (pV «f t^W- 

(85) 

and from the equations on the preceding page and the relation R at D/L 

3 = 8p¥ 

(86) 

and- finally, using equations (3ii) and (33) 

kL a r <?/q • Ur E( <? )/s s 

D V- 

Yfhen the substitutions from equations (83), (81j.)t (85)» and (86) are 

made in equation (82), and the numerator and denominator are 

sin^lified, the equation for Q £/* used for making calculations 

is obtained* 
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(87)        QVx   S 

^1   4   (pR </«)*) 
3A 

- 1 -r ;  •+•   ,/        ifl  
1* (rj  r II3p p2 nip 

A deaonstratlon that equation (87) reduces to the formula 

for the circular ease at sero eccentrloity fill be postponed until 

after the evaluation of the integrals is discussed in Chapter 7Z« 

MaravwBP*^' 
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CHdPTHl VI 

CALCUIATION OF THE QUALITY FACTOR, Q 

(1) Determination of tAe roots god quantities Td)icft Ullfli dieaftUz- 

The first step In the calculation of the quality factor, Q, 

ie the determination of the roots of the boundary condition 

equation (22) far the values of e which are used.    It develops 

that for snail values of eccentricity    (between sero and 0.5) that 

the value of the parameter c varies between *ero and one in this 

node*    The new and acre accurate   Tables Relating; to Llathlsu Functions *° 

cannot be used because the only values of coefficients falling in 

the desired range are far values of c of sero* 0#707, and 1,0. 

The Elliptic and Spheroidal Wave Functions ^   provide the 

coefficients for values of c at Intervals of 0.2 accurate to five 

significant figures. 

Cambi'e Eleven Place Tables of Bessel Functions 

were used to evaluate the Bessel functions. The coefficients for 

the llathieu functions are sero beyond D^ for the range of c 

considered In both of the series (15) and (16) so that Bessel 

functions of the first, third, and fifth order were the only 

odes required.    It is desirable to determine the root values to 
50 fire significant figures, but the arguments for 3essel functions 

J^ loo. oit. paces 58 and l£5 
¥1 values of s of sero, 0.5, and 1. Refer to table on page 12 
•5 loo. cit. 
uy s. Camel, Eleven and Fifteen-Place Tables of Bessel Functions, Dover, 19U8 
50 TIJ, 9mm intervallEs used In Jahnke"anT^^,*TapTe8 of Functions, 

Dover, 19U5 
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are given in Cambi to irxsrsments of 0.01 in the neighborhood 

of the roots.    To deteirmine the roots, axadJLary tables were 

made using linear interpolation for Bessel functions: of the 

first, third, and fifth orders in increments of 0*001 from 1*80 
i 

to 2*10.    This gave values of the needed Bessel functions for 

three hundred values of the argument in the desired range* 

The roots of the radial functions are »ivsn to an accurac"' 

of 0.01 in Tang.       For the even mode, using the roots of Tang 

as a starting place, values of the radial function, 

(15) *-(c cosh?)   =   ftyZ   2 (-l)k DeJ^ ft ^+1 <c ooa*1^ 

were plotted against c cosh X and a maximum was found graphically. 

This maximum occurs at the root, r, (which is equal to c cosh V)* 

T?hen the root is found for a given value of e, then cosh Cft and F 

can be determined, and the eccenferiei^r is the reciprocal of eoahj . 

For the odd mode the roots must be determined somewhat 

differently since the term tanh f appears in the formula for the 

radial function, 

(16) Jo^c cosh?)   = f^2   tarihS ^- (-l^WDo^*^ (c cofih^ 

This function was plotted against values of I and the maximum determined. 

The TSPA   Tables of Circular and Ifoperbolie Siima and Cosines -   was 

m  ii i     •   iii 
5   ,#M». cit. page 2*3 

Sfelfl °* *?SSSllS£ "^ SlBS«3»~3 Sines and Cosines, Work Projects 

|"MjMeMjw»iipi|PWMjl^^ "iiwaiMurtMB^iaiiaMiifiiitfc »<a^*«»»^;rte«^ 
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«s«d to evaluate J. Steps of tha argument are 0.0001 so 

that no interpolation vas required. When ¥n is determined* 

the eccentricity and the root, r, can be determined 07 a process 

which is the reverse of that ueed for the even mode* 

Kinaer and Wilson ^ five root values for the even mode 

to five significant figures* They make no comnant on the 

probable error in these figures; this would lead to the assuqptioD 

that a more accurate interpolation formula was used than a linear 

one. The even roots obtained by this author by the method outlined 

above agree with the Kinaer and Wilson values within one ten-thousandth. 

Actual —Isolations were made using tho Kinaer and Wilson values. 

Kinaer and Wilson did not determine values for the odd mode of 

the T*.  node. According to Scarborough ** these root values 

obtained using linear Interpolation should be considered as subject 

to a possible error of two ten-thousandths. It will be aeon later >•> 

that the error present in the root value dominates all the other 

errors present in the values for Q. 

The values of the oomplete elliptic integral from eolation 

(13) are tabulated in Pelrce -* with arc ain $ as the argument. 

linear interpolation was used to find the value of E (e) with a 

possible error of 0*00005* 

gi •  • 1 
*f lso* oit. page U28 
5U Scarborough, tfcawrioal Analysis, UeGraw-Kill 
11 Chapter VII 
5o lee. cit. page 121 
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(88) 

Heart the parameter XQ/O was determined using the f ornula 

derived from equation (U£) 

V-    = TT/2 

• E (e) 

All of the roots and the quantities which are fouiid directly 

from the roots are tabulated at the end of this chapter. 

(89) 

(2) Evaluation of the integrals 

f2TT     2 
1) Evaluation of 3p • j  [^(7)]  d7 

-'O 

From equation (13): 

Se^CjOoa^) : SI ^ac+o. cos[(2k*1)']] 

This expression can be squared and integrated term by term. Because 

of the orthogonality of the trigonometric functions, cross products 

will give % iro over the full range and, 

L 
2TT 

cos   mx dx 
•/. 

2?r     2 57 sin   vdx   : F       ->l 

(90) 

so that the value of the integral will be the sum of the squares 

of the coefficients.    That is 

U   Z  TT [(D^)2 - (D.*)2 - (De*)2 -   *    '    -J 

The De  are tabulated in Stratton, Lorse, Chu, and Hutner. 
58 

5% B« 0. Palrce. A Short Table, o£ T^^rnla. fornula U89 
58 loc. cit. page 78 
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It should be noted that .far calculations in which it 

is possible to use the Tables Relating to Mathiau Functions, 

this value can be found directly from the tables tabulated as 

N     = "FT/A2. r 

The integral for the odd function differs only in the 

trigonometric function involved and the numerical value of 

_ 60 the coefficients. The Do-, sre tabulated in 9tratton   on 

page 82. 

(91) IQ r V [(DoJ)2 • (*>3>2 • (^)2 -»••••] 

These integrals are also evaluated directly in the Tables Relating 

to liathieu Functions for values of c as N  3 TT/3 . 
—    i i "   """ r 

/"2TT" 

11)   Breluattan of Ip   s    j     feji 7)]    d 7 

The expression in equation (13) can be differentiated term by 

term to gives 
00 

(92) si (e COS7)   3     JE   -Ds^i (2k4l) sinjUM^] 

for the even node* and for the odd nodei 
00 

(93) 8^ (o oosy) n    21 Do^ (2k*l) eoa[(2k*l)7] 

The Do in equation (92) and the Dor in equation (93) are the 

same coefficients as those in equations (90) and (91) respectively. 

The values of the integrals are therefore! 

loo* oit. as ?j* See table on page 12 

F 
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<9U) ii   = 7T[(DBJ;)2 ^ (3De^)2 ^ C<Da^)2 +   •    '    •] 

(95) Io   = ir[(Dc^)2 * (3D0*)2 T ($Do^)2 •   •    •    •] 

ill)   Valuation of lip   r   J      [j^ (c coshfj2 d f 

Fran equation (l$) 
OO 

(15) Jejo ccshf)   =   V^2   <S    (-Dk DagcijJ 2k.*i <c «»^f) 

For a given c, the interval to the corresponding }'   was 

divided into 2a parts, and values for Ja,(c coshJ) were calculated 

far each of these points.    Each of the values was squared and 

these values were integrated numerically using Slxpson^ one-third 
,     61 rulej 

h B.TSGRAL =   ^70   4   U(7x 4 73 *• —4723)42(72 4 7h+—*!22) • 7^ 

where h is the difference between successive abscissas (that is 

£/2u    in this particular case)    and the 7'3 are the ordinates* The 
0 

combination of the error in the coefficients and the Bessel functions 

was calculated to be 0#0000J>,    The inherent error in Slrpson'a fornula 

for integration is given as> 

where Sr     is the fourth derivative of the function and vxy be 

rr 1....     1 

L, So&rbcrougha Hanerioal Analyaia> page 176 

1 

1—a ^i —in   fw—m Mi»« 
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approximated by the fourth differences. The fourth differences 

are of the order of 0.00002 so that the inherent error is clearly 

negligible with the coefficients used,, 

Kinzer and Wilson"** used Waddle's formula for integration. 

The inherent error is considerably less than the error with Simpson's 

forsula when the integrated function has sixth derivatives that 

are a great deal less than the fourth differences. Since the value 

of the coefficients are accurate to only five significant figures, 

the additional difficulty in using Yfeddle's role seexas unjustified. 

The estimated error in these integrals is twice the sum of 

the product of the root and the error in determination of the 

functions, and the product of the average of the function value and 

the error in finding the root. This error was calculated as O»OOO0S 

I 

The integral IIo is calculated in exactly the sane manner as 

lie, using equation (16) 

(16) J&jic coahl)   s VT/2   tarihi   21 (-D^ZIODD^ 5 ^^(c eoshS) 
kaO 

iv) Btraliifltion of Up s | ° fj^ (t)] &t 

w& \ Th» esprassions (15) and (16) are differentiated and 

| evaluated at each of the 25 points which were found in iii). The 

| functions are squared and the same integral formula is used to perform 

,: j th* integration. The error calculated was 0.0005 which is larger than 

the calculated error for the integrals Up because of the error in 

oT loc, clt. page 1*30 
1 

*J 
«^JM*ftH^.feAwawiW!^^ :.   -•- •*•••••*• - -•-••^ --•*-.•:•••••:••••• 
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finding the deriratiYe. 

(98) 

(99) 

(100) 

s2TT 2    i 2 
v)    Evaluation of Hip a    I     (1 - e^cos 7)    |Sp( ?)J    d*7 

The terra (1 - e^oos^o)*   may be expended by e binomial 

expansion to giro 

[l- (l/2)<22cos2»J   - (3/8)tUoo8U   -   •    •    •] 

All but the first tiro terms of the expansion are neglected and 

substituting from equation (13) 

IHe   s    (      (l-^€2coe27)  (Se(7)j2d7 

If the trigonometric substitution 

cos n  s |(1 <•• cos 2?) 

is made> then 

2 ir. 

0 
IHe r I  /l-i2(l^oes2^](_Se(^)]2 d7 

0 

Hie   s    (l-*e*)J      [Se(7Jj  d*J -K[   jSe(7 )J    oos27d7 

(101) 

The integral expressed by aqua*, .M. (100) is evaluated in 

IJoLachlaxu 
63 

00 

m.  .  (1 - ^)TT -   p ]ptf + ^ (i^De^)} 

63 loc. cit. page 79 
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(102) 

(103) 

(10U) 

(106) 

A relation far the odd node is obtained in the aarae manner 

as far the even modes 

2«T 
UIo   =    (1-ie2)   (    go(7)]2d7   -i«2J     [So(?)J2Co8   2;d7 

The Integral (102) is also evaluated by McLachlan 6U 

z 
kSO 

vi)   BraJaation of IV^   s    J     (1-G2coa2^)      [^(7 )]    d»^ 

As in v), a blnoarlal expansion is used which in this case 

givest 

2      2 3   1 2 
1   f   ifooa 7   +   geu oee 7   -   •    •    • 

Neglecting all but the first two teras of the binomial expansion, 

(105) Hi   i    (      (U^2)[si(7)]2d?+|     ie2eos27§e(?)]2d7 

which is evaluated by UoLaohlan as 
-o 

IVe  s   (If i^jTTf 7TWT-K&£)2  • Z *^*L3
(2k+1)(aflf3) 

^Q  2k»l 2kT3 

Similarly for the odd ease, 

(107)       IVe - (l4i«2)TT ^TTK^DoJ)2 + Z Do^flIto^3(2k4l)(2kr3) 

W 
Joe* cit. page 79 
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(3) The degenerate ellipse 

When the eccentricity of the ellipse is ssro, the constant 

c is also aero. All of the coefficients are sero except the first 

one so that the angular functions reduce to trigonometric functions 

and the radial functions redtee to first order Beseel functions* 

Reference to equations (90), (91)# (9U)> and (95) shows that the 

integrals Ie, Io, Ie, and ii all will have the value "^at Mro 

eccentricity. Further, consideration of equations (99), (102), (10$), 

and (107) shows that Hie, IIIo, IVe, and I7o have the valne  at 

sero eccentricity* 

Substituting from equation (83) 

Vp   • TT(Up   + Up) 

: (108) 

and (lip   +   Up)   Is, in the degenerate cases 

jfffM'• [h(,*: df 

(109) 

Equation (108) is a special form of a Losnel integral and may 

be evaluated directly to give* 

•• 

The values for the integrals are substituted into equation (87) 

and the substitution for the circular ease from equation (u?) 

that 

r   =   VV« 

oT H. W. UcLachlan, Beseel Functions for Engineers, Oxford, 19UU, 
page   9U 



is made to gett 

(110) Q   -icirc   = 
A 2TT 

1 (PV   + r2) (1 - 1/x?) 

r*  +  42-  *¥ +  P2*3 

(HI) Q   X*irc   r —   ^ t !2)V2 (1-Vf2) 
27f

     rk   f  pV   +   (1 - B) (pR/r)2 

The equation (ill) agrees with the forawla given by 

liontgonery for the circular cavity in the TE.       node. ^ 

n 
as 

Cm Qfc Montfcasry%&., JgMtoJflMaMfl^aMttl Measurements. MIT 
Radiation Laboratory SerasTuRFaV TalljTSUYJTS 3UU# eon 35 
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TABLE I 

The Root Valaas and Th. Awooiated Qoantities for the Bnm Mod* 

0.2 o.l* 0.6 0.8 1.0 

i 

r 1*6102 1.81*16 3.81*30 1.81*52 3.81*81* 1.8527 
G 0.0 0.10860 0.21701* 0.32516 0.1*3280 0.53975 

v« 0.51*3121* 0.51*1*1*91* 0.51*9161* 0.557018 0.568021 0.585972 
ins 3.U059 3.12758 3.08631* 3.01715 2.92922 2.71*550 
ITe 3.31059 3.11*621 3.15931* 3.17923 3.20025 3.23751 
Ie 3.31059 3.31*976 3.17320 3.231*01* 3.271*36 3.35585 
I. 3.11059 3.11*979 3.17383 3.21737 3.28523 3.38372 

H» Cj*l*689 0.1*5821 0.1*8853 0.531*56 0.5*068 0.1*7966 
ui 0.191*1*3 0.17233 0.33689 0.10291 0.061*51 0.031*99 

i(r)]2 
0.53102 0.53331 0.53819 0.51*616 0.55780 0.56722 

' 
coef Q        0.201*56     0.205813   0.2O638J*   0.2079*0   0.209873   0.19201*2 

coefR 0.211*702   0.216978   0.221*271   0.236928   0.251*519   0*291053 

ooefB3       9.61*278     9.61*996     9.616895   9.55305     9J*8998     9.06385 

Uk 
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^•JW-I   II ̂ SHW 

T1BZ2 II 

Th» Root Valnoo aai The Associated Quantities for the T&m !Jed» 

.' 

0.2 Ojx 0,6 0,8 1.0 1.2 

r 1*8102 1.8751 1.9082 1.9560 2.0075 2.0751 2.1651 

C2 0.0 OU063 0.2U3 0.3061* o.l*ooo 0.1*809 0.5531 

V8 0.51*312 0.531*77 0.53006 0.52399 o.52oca 0.51355 <U*9i*97 

in© 3.1i*l59 3.13723 3.121*82 3.10826 3*0992* 3*07606 3.07210 
t 

I7o 3.ua59 3.151*85 3.19U03 3.25186 3.32977 3.1*1290 3.U9823 

Io 3.U059 3.16550 3.23791 3.36122 3.53*321* 3.79099 luU913 

2o 3.IU59 3,16552 3.23851* 3.361*55 3.55UD* 3.81876 U.17998 

Ho 0.10*689 0.1*3561 0.396U* O.J6U58 0.31817 0.27810 0.21*357 

Ho 0.191*1*3 0.21650 0.23591* 0.29106 0.32391 0.36353 0.hl$2k 

fe(r))2 0.53102 0.52871* 0.52351 0.51373 0.1*9973 O.U8019 0.1*5900 

coef Q 0.2OU56 0.203011 0.208682 0.218826 0.231*021 0.253380 0.281*1*92 

coef R2 0.211*702 0.2018U* O.29U606 0.185251 0.1781*33 0.167672 0.153956 

ooef R3       9.61*278     OjJOOOO   0.1*81811   0.501071*   0.510163   0.532039   0.531*851 

1 

1 
1*5 

. 





I 
i: 
ii 

•*m MrtniiTMrrin • 



TABI2 III 

Tabl» of Values of the Quality Factor, Q <fo, for the TSL^.  Ubdas 

Bren Hod* 

. 0.0 

o.5 
1.0 

1.5 

2.0 

2.5 

0.0 0.2 o.!* 0.6 0.8 1.0 

0.20U56 0.20581 0.20638 0.20791* 0.20987 0.19201* 

0.23529 0.23670 0.23752 0.23951* 0.21*210 0.22322 

0.26968 0.27071* 0.27101 0.27191 0.25509 0.25509 

0.271*02 0.2fl*£ 0.271*11 0.27365 0.25879 0.25879 

0.267H* 0.26736 0.26673 0.26591 0.25332 0.25382 

0.26009 0.26010 0.25958 0.25863 0.21*905 0.21*905 

0.0 
R\ 

0.0 0.201*56 

0.5 0.23529 

1*0 0.26968 

1.5 0.271*02 

2.0 0.26711* 

2.5 0.26009 

Odd itodg 

0.2 0.1* 0.6 0.8 L.0 1.2 

0.203011 0.206682 0.218826 0.231*021 0.253380 0.281*1*82 

0.231*981 0.239178 G.2U9231 0.266107 0.286589 0.317875 

0.269917 C.27!|278 0.281*091 0.298339 0.316165 0.31*2376 

0.271*031 0.2789l<0 0.286029 0.296391* 0.30890? 0.327308 

0.267602 0.2715DZ 0.276831 0.283785 0.292366 0.301*981* 

0.261693 0.26J72? 0.26781*1* 0.27271*5 0.27891*0 0.26791*9 

1*8 

OB—w!t—i mmmm•»•*• •j&a-aj»«fiyiim*a»i^»»e,~«»i-^»f»»«-.»*-—««--~~>  ••-— 
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CHAPTER VH 

EEERPRETATIOK OP THE CURVES FOR THE QUALITY FACTCP. 

(1) Analysis of the error In the calculations. 

The curres far tha quality factor are plotted in Figures $ and 

6« The extremely small changes in the quality factor, Q, at snail 

values of eccentricity make a careful consideration of the accuracy range 

necessary* The Units of accuracy in the determination of the roots 

and evaluation of the integrals was noted when these evaluations ware 

discussed in Chapter VI. It is now desirable to see how these component 

errors are reflected in the final result. 

The error calculations are single and intermediate steps 

are omitted* AH quotients are changed to product forn by expressing 

the denominator with a negative exponent. All quantities to 

m/n 
fractional exponents are put into the form (a + e)   and 

then expanded by a binomial expansion to two terms*  All numbers are 

rounded to two significant figures* 

The error in the determination of the derivative root 

•sine was assumed to be 0*0000?. This may also be considered as the 

error appearing in >^/s* It develops that this error is the dominating 

one* It is therefore designated by the symbol e' while all the other 

errors are denoted by multiples of e where e a?.so signifies an error 

of 0.00005. 

h9 

»#».:-«*• .*•«—» -H(i«>tt4K»-»- 
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l 

To determine the error in lr t 

k3 ^[l 4 ( #s 4 e')2 P2R2J 

-2.1^(1 tl.3e')   67 

3/2 

The error in evaluation of the Integrals I and II was assumed 

to be 0.0000$, and the error in the evaluation of the integrals I1 

and U» was considered as 0,000!?. The first of these errors is 

designated by e and the second by 10 e. The error in the evaluation 

of V can be written ast 

V a I n« 4 i«n 

x (I 4 e)(U4 lOe) • (X» -f-10e)(H 4 a) 

<z  I II« f I' n + 66* 

The error in the calculation of the integral HI was assumed 

to be 0.0000$ so thati 

„/WT     ^   2 4 66e v/ni    ~ 
3 4 e 

~   2/3   4 28e 

The error in the coefficient of Q, which is independent of R, can 

then be written: 

ooef Q   s 
3 r III   J(r)   ' 

2/3 »   28e  

3 (2 4«»)(.^4-e) 

2/9   +   .!•• 4 9*U • 

Wt^PfCTSP 
5pf??pF •i—•—— 

oT The eejutlooe for estimating error arc not a developmental step and 
for this reason they are not numbered 

«<—• ~ a— I •.• 'iiftn" 

<* 
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Similarly it was found that far the P. coefficient: 

coef R2 1Z.   £ *   £e» 4 3e 

and for the RJ coefficient: 

coef Rr a» «£ 4 l?e 4 13e< 

For E B 1 

Q *A » .3 4 l£.le» 4 19e 

^ .3 - .0017 (for both e' and e taken as 
0.0000^) 

For R a   2.5 

Q £/>   » .3   +   6e«   4   6.3 e 

^.3   4   .0007 (for both e* and e taken as 
0.00005) 

It is noted that the error in the determination of the root 

introduces about the same error in. the final result as the sum of 

•11 the other errors in the determinations of the integrals.    If a 

tear* conservative estimate of the error in the determination of 
Aft 

the root is made of, say, 0.0002,   the estimated error in the 

determination of   Q <$ fh becomes   O.OOd. 

;(2)   The <pti3igry appwanfe ggggg 

When a problem is arranged for nafldaan facility In numerical 

aooput atic*^ the significant components may be mixed so that it 

8r Sea page 34 

"*s»a^ ».. .^yp»~. -^7 ^gj^ggng^g'^fs^fiaM^ 
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oecomes difficult to see the relations of the individual changes 

that combine to cav.se the overall result. Inspection of the 

curves far Q in figures £ and 6 shows that the quality factor 

varies very slightly for values of eccentricity less than 0»U, but 

a cursory eafittlxiation of the data in Tables I, II* and III shows that 

these slight changes have not been the result of snail changes in the 

components, but, rather, of compensating changes of much larger magnitudes 

than the resulting change in the quality factor, Q* 

To examine then qualitatively, the Individual variations in 

the stored energy, the power loss in the end walls, and the power loss 

in the sldswall are plotted in Figure 7 to slide rule accuracy. The 

characteristics depend on the ratio of the average diameter to the 

length so that it is necessary to choose a fixed value of Rj the 

convenient value of R • 1 is chosen. The curves in Figure 7 are 

based on unit magnitude at zero eccentricity, and they provide no 

information concerning the relative magnitude of the changes which 

occur* 

The volume of the cavity is directly proportional to the 

product of the major and minor axes. For a given perimeter* the 

cross section area is a marl ana at eero eccentricity, vxf-  it may 

odd that the stored energy increases when the volume is decreased* 

At email values of eccentricity, the volume decreases very little as 

the circle is deformed; ' a plot of the volume on a per unit basis is 
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included in Figure 7 far couparison with the change in the stored 

energy, The increase in stored energy can be attributed to the 

change in resonant wavelength, and, perhaps, a slightly more efficient 

distribution of the fields in the cavity with the change in eccentricity. 

Although this change in distribution irould be difficult to demonstrate 

mathematically, it aeeras to have some intuitive Justification, The 

liathieu function at small eccentricities approximates a slightly 

distorted Bessel function. The lack of symmetry of the dominating 

first order Bessel function in tit? range from aero to the first 

derivative root makes it seem possible that a slightly non-symmetric 

cylinder might use such a function more efficiently than the perfect 

cylinder could. 

At an eccentricity of 0,5 in the odd mode, it is noted that 

the stored energy is still increasing. Certainly this increase could 

sot continue indefinitely and must change to a decrease vhen the 

volume begins to decrease rapidly, 

(3) Discussion of Results and Conclusions 

The EMaarisal values of Q c,^. for aero eccentricity agree 

numerically -with those plotted bj Uiul&imry for the circular 

69 
cylindrical cavity* 

The plot of the quality factor in Figure 5 for the odd mode shows 

that the quality factor may decrease in value slightly for very snail 

Radiation Laboratory Series, 19U7, page 301 
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amounts of eccentricity. This decrease is of the same carder as 

the possible error in calculations and should not be given undue 

consideration* It seems reasonable to conelade that the quality 

factor remains constant for values of eccentricity lass than 0,25 

for excitation in either the erven or odd mode. 

Ordinarily, a deformed circular cylinder wiU be excited 

at the sane time la both the odd and even modes* If the oxcitatian 

orientation can be controlled relative to the deformation, it 

•will be preferable to excite the erven mode, since both the 'wavelength 

and quality factor change less in that mode. 

It is unfortunate that other modes could not be evaluated by 

an approximate meansj most of the individual quantities involved 

in the expression for the quality factor -were calculated by Tang 

but calculations made using his values have a possible error range that 

is larger than the magnitude of the change in Q» Calculations would 

be simplified a little for modes far which the newer Tables Relating to 

Mathieu Functions could be used since some of the integrals are 

evaluated directly in those tables. 

? \ 

|§ 
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1   Ice. cit. 
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